In this paper we continue the study of Lorentz sequence spaces d(w,p), 0 < p < 1, initiated by N. Popa [8] . First we show that the Mackey completion of d(w,p) is equal to d(v, 1) for some sequence v. Next, we prove that if d(w, p) (2 h, then it contains a complemented subspace isomorphic to lp. Finally we show that if limn_1(X)"=1 wi)1 = °°, tnen every complemented subspace of d(w,p) with symmetric bases is isomorphic to d(w,p).
I. Introduction.
A p-norm, 0 < p < 1, on a vector space X is a map ih ||i|| such that:
1. ||x|| > 0 if x^O. 2. ||ii|| = \t\ ||x|| for all x £ X and all scalars t. 3 . ¡|sc + y\\p < \\x\\p + \\y\\p for all x,yeX.
Let B = {x £ X: ||x|| < 1}; then the family {rB}r>o is a base of neighbourhoods of zero for a Hausdorff locally bounded vector topology on X (see [9] ). If X is complete, we say that X is a p-Banach space.
The Mackey topology \i of a locally bounded space X with separating dual is the strongest locally convex topology on X which is weaker than the original one (see [10] ). It is easy to see that this normable topology is generated by neighbourhoods {rconv B}r>ç>. The Minkowski functional of the set convß is called the Mackey norm on X. The completion of the space (X, p.) is called the Mackey completion of X and denoted by X. The extension of the Mackey norm to X is denoted by [| ■ |p.
For every subset E of w (= the space of all scalar sequences) we denote E+ = {x = (xi)eE: Xi>0tori= 1,2,...} and E++ ={i£ E+ : x is nonincreasing}.
Let 0 < p < oo and let w = (wi) G ¿J>+Vi. For x = (x¿) e«we define / oo \ 1/P \\x\\w,p = sup ÍJ2 \xn{i)\PWi I * \»=1 / where n ranges over all permutations of the positive integers. The space d(w, p) = {x G oj: ||ai||u>,p < oo} equipped with the locally bounded vector topology induced by || • ||u,,p is called the Lorentz sequence space. It is well known that d(w,p) is a p-Banach space for 0 < p < 1 and a Banach space for p > 1. Moreover, the sequence of unit vectors (e¿) is a symmetric basis of d(w,p). From the assumption w G Z¿,+ \ii follows that d(w,p) C cq. Therefore for every x = (xi) G d(w,p) there exists a nonincreasing rearrangement x* = (x¿) of x (i.e. a nonincreasing sequence obtained from (|x¿|) by a suitable permutation of the integers) and ||x||WiP = (£)i=i x*pw;¿)1/p.
Observe that d(w,p) fí¿ lv if and only if w £ en (cf. [6, p. 176] ).
The first topic of the present paper is the Mackey topology of d(w,p), 0 < p < 1. Using a representation of the dual of d(w, p), N. Popa [8] proved that the Mackey completion of d(w,p) (p -1/k, k G N, and w satisfies some additional conditions) is isomorphic to d(v, 1) for a suitable sequence v. In §3 we show that the above theorem holds for any Lorentz sequence space d(w,p), 0 < p < 1. Our result is obtained without determining any dual space.
The last part of our paper is devoted to the study of complemented subspaces of d(w,p), 0 <p < 1.
It is well known that every Lorentz sequence space d(w,p), p > 1, has complemented subspace isomorphic to lp (see [6, Proposition 4.e.3] ). N. Popa [8] showed that unlike the case p > 1 there are spaces d(w,p), 0 < p < 1, which contain no complemented subspaces isomorphic to lp and conjectured that it is true for each d(w,p), 0 < p < 1. In §4 we prove that if infnn_1(^™=1 tt>¿)1/p = 0 (i.e. d(w,p) <JL li, see Proposition 1), then d(w,p) has complemented subspace isomorphic to lp. Moreover, if limn_0ori~1(5Z"=i u;¿)1//p = oo, then every complemented subspace of d(w,p) with symmetric basis is isomorphic to d(w,p).
Throughout the paper we denote by BWtP the closed unit ball in d(w,p), Rn = span{e¿}™=1, B™ p = BWiP n R™, n = 1,2,-In addition we denote Sn(x) = Xi + • • • + xn, n -1,2,..., So(x) = 0 for any sequence x -(x{) G w. We wish to thank Professor L. Drewnowski for many helpful discussions of the material in this paper.
II. Technical results.
In this section we assume that 0 < p < 1, w = (w{) € &+Vi> °k = SfcM1/p, Ik = <y~kX ¿Zi=i e» for k -1,2,..., and f0 = 0. Therefore every x G (R")++ with ||x||n = 1 is a convex combination of the vector Ii,..., In-It implies (Bn)++ C conv{/0, /i,..., /"}.
We observe that H/fclU.p = ||/fc||n = 1 for A; = 1,2,... ,n. Both the sets (R")++ and Bn are convex, so conv{/0,... ,/fc} C Bn n (R")++ -(Bn)++. PROOF. We can assume that xm = xm for every m G N. Fix e > 0. There is no G N such that 2n/e < on for every n > no-Let
Then Sk(y) < ok for every k G N. From Corollary 1 follows n / n \1/P X] XmiVi < I £ Xmt^ I < ll^mlU.p = 1, W, m = 1, 2, .. . . It is obvious that if (B^1)++ C convB™ p, then the left inclusion holds. Since (B"i)++ = conv{g0: j = 0,1,..., n), where gd = Sj~l(v) E¿=i e¿, o0 = 0 (see Lemma 1(a) and (b)), it suffices to prove that g¡ G conv B™ for j = 1,..., n.
Fix j G {1,...,n}. We find n^ such that nk < j < nk+x. Let C be the family of all subsets of cardinality nk in the set {l,..., j}. We define xc = S~k1/P(w) J2 e* for some CGC. We start with no = 0, go = 0. Suppose that nk has been already defined for some fc > 0. Since w £ ix, there is r G N, r > nk such that for every n > r /n-nk \ !/P / "
Applying Lemma 2 to the sequence (wi)°Znk + x we can find nk+i > r and (qi)¿Vk + i such that (1), (2) and (3) hold. As nit+i > r, the same is true of (4). Thus P is continuous. By (2) and [8, Lemma 3.1] there is a strictly increasing sequence (jk) such that (fjk) is equivalent to the canonical basis of lp. Therefore the desired result follows from unconditionality of the basic sequence (/fc). REMARK 2. Theorem 2 solves Problems 3 and 3a in [8] . PROOF. It is enough to know that d(w,p) has at least two mutually nonequivalent bases (cf. [6, p. 118] ). Thus our result follows from Corollary 4.
Let
In the proof of the next theorem we use the same ideas as in [ PROOF. Let F be a continuous projection from d(w,p) onto an infinite-dimensional subspace X of d(w,p).
Since limn^ocSn (w)/n = oo, by Theorem 1 d(w~p) = ii. Because X is complemented in d(w,p), so its Mackey topology is also induced from lx. Since the Zi-closure of conv{F(ej): i G N} is a neighbourhood of zero in X, the set {P(ei) : i G N} is not precompact in lx. Therefore, using the standard gliding hump method, we can construct a strictly increasing sequence of the integers (nk) and sequences of vectors (yk) and (zk) such that:
(1) ?/fc = P(en?k+1 -e"2J;
(2) Zk = YLieAk tiei ls a block basic sequence;
(3)Er=ill^-^llpL,p<i;
(4) 0 < Ci < H^fcll', < ||2fc|U,p < C-i for fc G N, where C\, C2 are some constants.
By Lemma 4 we have inffc maxíe^ |í¿| > 0. Since (efc) is symmetric and P is continuous, the sequence (zk) is equivalent to (efc). Thus, as in [3] , we may define a continuous projection Q by PROOF. Using the standard gliding hump method we can find a strictly increasing sequence of natural numbers (nk) such that the sequence Xfc = yn2k -2/n2fc+1 is equivalent to a block basic sequence zk -YlieA &»e*-Since Xfc is symmetric and equivalent to (yk), by [8, Lemma 3.1] mfkmaxieAk |ó¿| > 0. Hence (yk) dominates (efc). If we interchange the roles of (efc) and (yk) we deduce the equivalence of these bases.
If limn^00 Sn(w)/n = 0, then d(w,p) has uncountable many mutually nonequivalent unconditional bases. However the above proposition and Corollary 6 suggest the following PROBLEM 3. Let 0 < p < 1 and limn^oo Sn/p(w)/n = oo. Are every two unconditional bases in d(w,p) equivalent?
